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ON A GROUP PURSUIT PROBLEM

M. PITTSYK and A.A. CHIKRII

The nonstationary case of a problem of pursuit by several controlled objects is ex-
amined. Investigations of similar kind, having a direct influence on the obtaining
of the present results, were carried out in /1—8/. Three schemes are suggested for
obtaining sufficient conditions for completing the pursuit in finite time from
prescribed initial positions. The schemes in Sects.l and 3 are generalization and
refinement of the corresponding results in /8/, while the scheme in Sect.2 is close
in form to the one in /7/.

Given a differential game
2 =4, Oz, + gt u,v), z,SEY, uyueU; @), vEVE., t>t,>0 (0. 1)

where E"iis an n;~dimensional Euclidean space, 4; (t) are n; th-order square matrices depend-
ing continuously on t & [t,, + o), U;(t) and V (t) are continuous many-valued mappings, U, () -
U, CES V)V CE™ for all i and >, where U, and V are compacta, the fuustions

g: (¢, u;. v) are continuous in all the variables; here and below the index i takes the values
1, 2, ..., m. The terminal set M (t) consists of sets M;* (1) each of which has the representa-
tion M;* (t) = M,° + M, (t), where M are linear subspaces of E™, while M, (t) are continuous
convex-valued mappings such that M,;(t) T L; for each fixed t& [t,, +o0), where L, is the
orthogonal complement to M) in space E™,

We examine the problem of the trajectory z(t) = (z1 (%), ..., 3n (f)) of the nonautonomous
system (0.1) meeting the set M (f} in finite time from the initial position (t,, 2°), z () = 2"
We say that game (0.1) can be completed in time T = T({,, z°) from the initial position (¢, z°)
if measurable functions u; (t) = u, (¢, 2° v (1), u; (&) & U, (t), t = [t,T] exist such that the solution
of the system of equations

' =A; Oz + g {t, u (0), v{t), z(f) =2z°
belongs to the set M;*({) at the instant ¢ = T for at least one value of { for any measurable

functions v (t) &= V (t). ¢ = [t,. T). Here u;(t) remembers v (s), ¢t > s > t, Three variants of the
solution of the given problem are proposed below.

1. Let m; be an orthogonal projection operator from E™ onto the subspace L; We intro-
duce the many-valued mappings

D, (t, 1, u, v) =0, Q¢ 1) g (v, u, V), yu U (1), ve V()
(Diav‘r): ﬂ (Di(thin(T)vv)a t>T>to
v V(1)

(Q: (t, 7 is the matrizant of the system 2z, = A;(t) z; /9/)

Condition 1. The sets ®; (¢ t) are not empty for all ¢>T > i,

From Condition 1 and the assumptions on the parameters of game (0.1l) it follows that the
many-valued mappings @, (f{. 1) are measurable in T and that sections @; (¢, 1) = ®; (¢, 1), t > 1 > 1,
measurable in T exist. We fix them and we set

¢
Gity by, 2) = 8 (t, tod 2 + S @i (t, t)dv
i

Let %; be nonnegative real numbers. We denote
max {o; : {7, (t, 7) g (T, U; (), v) — @i (8, T} [
o (b Ttz v) == | {a; (M () —8; (Lt 2} =) Li(tito, 2) EE M. (1) (1.1
(t—t) 1, Lit.to, z) EMi(1)

t
A (t,ty, 2) = min max S a;i (t, T, boy 3, V(1)) dT
1

(Y
o( i A
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where v () = {v (1): v (1) = V (v), T & [ty, tl, v(1) are measurable). Let T (¢, z) = inf {t: A (L, ty, 2) = 1}.
Theorem 1. Let Condition 1 be fulfilled and let function @;(¢, D ED;(t, 1), t >1 > ¢,

measurable in T, exist such that T = T (¢, 2°) << + >, where, in fact, the greatest lower bound

is achieved. Then the differential game (0.l1) can be completed in time T —t; from a pre-

scribed initial position (t, 2°).

Proof. Let v(t) & V{(r) be an arbitrary measurable function, 1 & [, Tl. We dencte

¢
h(T,t,t0, 2% v (")) =1 — max S a (T, T, te, 255 0(T))dT
] [N

Let §; (T, &, 2

2°) & M, (T). Then for T, t >t > ty, such that h(T, t, ty, z°, v(-)) >0 we select the
controls u, (1) E U,

(t) and the functions m, (1) & M, (T) from the equations

1,2 (T, gt ui(v), v(®) — (T, v =, (T, 7, ty, 2 {1.2)
v (o)(m; (v) — L (T, to, 2°)

From (1.1) it follows that a;(t, T, t, %; V) are functions measurable in T and lower semicontin-
uous in v. Consequently, for any measurable function v(t),T>¢,, the functions «;(t, 1, 2;
v (7)) are measurable in 7. From this and from Condition 1, on the strength of the Filippov—
Castaing theorem /10/, follows the solvability of equation system (1.2) in the class of meas-
urable functions u;(7) and m; (t), T > t; taking values from sets U;(t) and M;(T). If for
some (, €= [t,, T]1 we have h(T, t,, t, 2° v(-)) =0, then in (1.2) we set a; (T, 1, ty, 2,°, v (1)) =
for v [t,, T] and we choose the controls u, (1) from the Egs.(l.2) thus obtained.

From the Filippov —Castaing theorem /10/ and Condition 1 follows the possibility of choos-
ing functions u, (1) measurable on the interval [, TI. If (7T, t,. z°) & M;(T), then we set
m; (1) = L (T, to, %) and we choose the controls u; (1) from the equalities (1.2) obtained. The
representation

t

nﬂﬂ—nﬂ(n@z+§ (Vg (T 2 (0,0 ()T TS0 (1.3)
follows from the Cauchy formula. Adding and subtracting the quantity

T
S @i (T, t)ydr
A

from expression (1.3) with t= T and allowing for the law for choosing the controls (l.2)when
G(T, &, ) & M;(T), we obtain

T T
niz(T)=‘g¢(T,to,zi°)[i—§ai(T,T,t.,,z,~°, v(T))dT]+Sai(T,T,lo‘zi°, v(t)m; (t)de (1.4)

However, since h(T, T, t, 2°,v(:)) =0, a number i =j exists such that the difference within the
brackets in (1.4) vanisheg. Then

w2 (T) = m; & M; (T)
When g (T, t,, z°) & M; (T) this same fact follows from /11/. Theorem 1 has been proved.

Corollary 1. ret g (v, u;, v) = B; (v)u; — D;(x) v, where B; (1), D, (1) are matrices of
appropriate dimensions, and let the matrices mn,;; (T, 1) B; (1) be nondegenerated for all 1 &(t,,
T]. Then the pursuers' controls are

u; (v) = [, Q (T, ) B; (r)]"lln (T, ‘IS)D (7) u(-c) +

\)_51\11 Lo, 2N

o (T ) L {r /\\/
Pild, 1)+ a; (L, T, i, “lv VAL

m; (1) € M, (T)

Here ai (T, 7, to, 2%, v (7)) =0 for v & lt,, T), where h(T, t,, t,, 2, v{- ) =0. As we see from the
analytic notation for u;(T) it is important to find the function s o (T, 7, ty, 2° v (1) in ex-
plicit form.
Lemma 1. Let the mappings g; (1, U; (1), v) be convex-valued for =« >, ve V(v), (t, 1) =
Q;(t, 1), t >1t>1t,. Then
a; (8, T, to, 2, 0) = in{ {Cit,t,v, p) + (1.5)

pEL;. n(t, b, 2, p)=1
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(PR}, t>T>h, veEV(Y

Ci(ty T, P)= max (‘~ Qi* (L’t)pvg(rxuivu))
v, U (1

% (b, Loy 20 P) = —Cuy (P} + (P, G (2, 1, 23))
Cuyn(p)= max (p,my)

i EM;

Proof. condition 1 is equivalent to the following inclusion:
Se{ni (L Da(n Ui(th ) —e (L) Vwe V() t212>1¢
In terms of support functions it is equivalent to the inequality
CotsTovs p) +-{py i (T 20, VpeL; (1.6)

The nonemptiness of the intersection in (1.1) is equivalent to the inequality {(Theorem 1 of
/3/)
Ci (6. T oy 0Y + (pr i (& ) 2> 0% (8 Ly 200 p)y Vp = L
By virtue of (1.6), when x(t t, 2, p) <0 the latter inequality is fulfilled for any nonnegative
;. If, however, w(t, t, zi, p) >0, then, having set (s, tor ziy p) = 1, we obtain Ci(t, T, v, p) +
(P.@i (¢, 7)) >0 for all peLi, such that (&t 2.p) =1 . Hence follows formula (1.5).

2. Let us consider certain sections m; () of the many-valued mappings M;(t), t > t,, and
let us fix them. We denote

¢
M {ts tor 2¢) == 08 (2, o) 2, + S @i (, T) AT = m; (2)
i

Let
max {8;>0: {n;Q, (¢, ©) g: (v, U;(v), v) — @i (¢, 1)} )
Btttz v) =] {—Bmtte,z} =D} nilt,to,z:) #0
(t — o)1, Mt to, 2) =0

We introduce the function
t

i (¢, to, 2) = min max S Bi(t, v, to, 25, v (T)) dT
o) i,

and let O (4, 2) == inf {t: p (¢, ¢y, 2) = 1}

Theorem 2. Suppose Condition 1 has been fulfilled and there exist T -measurable func-
tions g@;(t, 1) =d;i(t, 1), t >1>1t, and measurable sections m;(¢) of the many-valued mappings
M, (), t >t,, such that @ = 8 (t,, z°) < +o0, and, further, let the greatest lower bound be
achieved. Then differential game (0.1) can be completed in time 6 — ¢, from a prescribed in-
itial position ({t,, 2%).

Proof. Let v(®Y=V (1), 1t (t,, O], be an arbitrary measurable function. We denote

¢
k®, 8 t,2° 0 () =1— maxgﬁi (8,1, t, 27, V(1)) dT
i3

For 1,t>T>>, such that k(8,1 ¢, 2°, v(-)) >0 we select the controls u;(t) E U;(r) from
the equations
1,0, (0, Dt u (), vE) —; (0, 1) = —B; (1, T, ty, z°, v (V) M. (B, Ly, 2°)

if n; (8, &, 2,°) % 0 or, otherwise, from the equations

nigi (ev T) &i (Tv uy (T)v v (T)) - P (87 T) =0
Condition 1 and the Filippov- Castaing theorem /10/ ensure the possibility of such a selection
in the class of measurable functions. Arguments analogous to the proof of Theorem 1 permit
us to conclude that for some I

7,z (8) = m, (8) = M, (6)
Corollary 2. Let g (t, u; v) = B;(v)u; — D; () v and let the matrices mQ,; (B, 1) B, (1)
be nondegenerated for all T & [t,, 8]. Then

u; (1) = [(,Q; (8, 7) B, (ML (8, DD (v)v(r) +
@; (61 T) - ﬁl (e! T, tm zi°7 v (T)) n; (61 tm zio)L T E[t()v e]



587

Here Bi(8, T, to, 27, v(x)) =0 for T& lty, 8], where k(8, t,, ty &, V() =0.

Lemma 2. Let the mappings g; (v, U;(1), v} be convex-valued for ¥ 3»t, v & V) ei(t, 1) =
®,(t, 1), t>>T>t;, be some t-measurable sections of the many-valued mappings ®;(t, 1), and
m; (1) & M; (T)be some measurable sections of the many-valued mappings M;{t). Then

B (2, T, bo, 2, 1) = inf (C:(t, .0, p) + (D, @i (& TN}
PEL;. (2 Mt fe, )L

The proof is analogous to that of Lemma 1.

3. Let @;{t, 1), t>T>1, be some T-measurable numerical functions. we form the fol-
lowing mappings:

Fi (t, T, Uy l)) = niQi (tv T) &i (Tv Ui, U) -
o {t. )M (1), v, sU; (), veV@ t>1>14
Fi(t’T}——_ ﬂ Fi(ts . Ui{n),v)
re=V{T)

Condition 2. The sets F;(f, T} are nonempty for all ¢ > 7t >, If Condition 2 is ful-
filled, then the many-valued mappings F; (¢, 1) are measurable in T and Tt-measurable functions
hit,ye Fi(t,%) C Ly exist for all t > 71 >>#. We fix them and we set

&(t ko 2) =m (8t 2 + (i, D)
[y

(each & {t, tp, z) € L;). We consider the functions

max{y; >0:(F; (t,. ., U, (z), v} — F: (£. T} [}
il Ttz vy ={ {—v&E 2}~ Eiltte2) 40
(t—to)Y, Ei(t to,2:) =0

t
v{t, g, 2) == min max S vilt, Ttz v (1)) dT
LOTEE T A

Let T (ts, 2z} = inf {1 v (£, &, 2) = 1}.

Tlgeorem 3. Let the following assumptions be fulfilled:
1~. There exist t-measurable nonnegative functions wy, (t, 1), 1 > 1 > t,, exist such that
Conditéon 2 is fulfilled.
2”. There exist T -measurable functions f;{{, V& F;{{,1),t > 1 >, such that T = T (¢,
2%y < +o and the greatest lower bound is achieved.
© :
37. The equality
T
(o (rnde=1, vi
t
is fulfilled.
Then differential game (0.1l) can be completed in time T — t, from the prescribed initial
position (&, 2.
Proof. Let v(t)=V{1), ve=lt,, Tl, be an arbitrary measurable function. We consider
the function
i
G(T: ti tO’ zo’v(')) xl —maxS Vi (Ta T, to, zi°1 v (T)) drt
i

For ©.t>7>le such that o (7,1 &, 2°, v(-)) >0 we select the controls u;(t) & U {r) and the
functions m; ()&= M;(f) from the equations
1R (T, 1) g (v, wi (1), v (D) — fi (T, 1) — o (T, v)ym(x) = —v; (T, 71, ty, 2", v (7)) E (T, tg, 2°)
if Ei (T, t4, 2;°) =0 or, otherwise, from the equations
a2 (T ) g (. v () — LT, 7)) — o (T, 1y mi(x) =0
Condition 2 and the Filippov- Castaing theorem /10/ ensure the possibility of such a selec-

tion in the class of measurable functions. Using the proof plan of Theorem 1, we get that
nz (TY & M;(T) for some i, which proves the theorem.
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o
Notes. 1. We can take {t — t))"! as w; {¢, 1}. Then condition 2%in the theorem is auto-
matically fuilfilled.

o
27, I1f M;(t) = {0}, t >4, then Theorems 1, 2 and 3 coincide.

Corollary 3. 1rLet g (1, u; v) = B;(t)u; — D; (1) v, where B; (1), D; (1) are matrices of ap-
propriate dimensions and the matrices =;Qi(7, 1} B; (1) are nondegenerated for all rte& {4, T
Then

u; (1) = [, (T, ) B, (I n,Q (T, v)D; (v)v (1) +
JilTy 1) A+ o (T, O m; (v) — v (T, 1, &, 2% v () §(T, t4, 7]

Here v, (T. 1.2, 2% v(1)) =0 for 1t &L, Tl where o (T, t,, tg 2% v(:)) = 0.

Lemma 3. Let the mappings g (t, U;{zx), v) be convex~valued, 7T »{;, v& V(7). Then the
formula

vilt, Tty 25, VY = inf T,

i { 0 ) peLi(p’Ei:{x}Mi)M{C( T p)
(P filts ) + 0 {1, 1) Carn (— PN}

t>t >, vE Vi), fi(t, neE Fit, 1)

occurs.
The proof is by the proof plan of Lemma 1.

Note. For m=1 and [(T, #. ) & M (T} the time T = T (i, ) for ending game (0.1) coincides
with the time yielded by the procedure of Pontriagin's first direct method /1l/ in the non-
stationary case. For m=1 and n(8.4,2 =0 the time 6 = 8 (4, z°) for ending game (0.l) as well
coincides with the time determined by Pontriagin's first direct method /11/.

Example. A conflict-controlled system has the form

3 =) g b —o, 2l =2
Here z=E£° s>1, q;{t). t2>1,, are continuous nonnegative functions and Jwl<bif{t) o< c{t) bifd),
¢{f) are, for >t , continuous numerical functions such that () — c()>0,122 1, while M°:
z =0, M, () = {0}, t > 1. The matrizant is

Q; {4, t) = exp (§ a; (%) dt)

1

It is seen that condition 1° is automatically fulfilled. As @i{t,1) we take zero. After com—
putations we obtain

AT Ll 35 8) = 21 Q (T ] [0y 2,%) 4 (o0 227+ 127 (2 (1) — o )Y

The pursuers' controls are
w; () == 0 (1) — @, (T f 2,2, v (1)) Qi (vt z°

The game ending time 7T = T{f4, Vis finite, for example, if

min max {v, ;") >0
<1 2
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